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STUDY GUIDiS 

IN MATHEMATICS 

Suggestions for revision of the machemacics curriculum from the kinder* 
garten through the high school, such as those suggested by the Conunission on 
Mathematics of the College Entrance Examinatit^ Bc^rd, the School Mathe- 
matics Study Group, and others, involve materials and points of view that are 
not part of the training of most elementary and seamdary school teachers, or 
indeed of m;*ny college teachers. In order that these revisions may be effected as 
quickly and as widely as possible, an extensive program for the in-service train- 
ing of teachers is necessary. Opportunities must be provided for the acquisition 
of supplementary training that will enable teachers to handle the new concepts 
and materials with comfort and confidence. The purpose of these Study Guides 
is to provide assistance to teachers who wish to improve their professional com- 
petence by self-study or by group study. Group study might well be undertaken 
by members of a given mathematics department, by an entire school district, or 
by a joint effon of neighboring districts. A college or university may wish to 
use these Guides as the basis of an in-service progr;^n. 

The Guides offer suggestions on three important aspects of mathematical 
study: 

1. HOW to read mathematics. 

2. WHAT basic ideas to seek out. 

3. WHERE to find these basic ideas discussed. 

It must not be assumed that the use of these Guides is intended to replace 
formal study of mathematics. Every teacher should avail himself oi the oppor- 
tunities now offered in summer institutes, in year-ltmg institutes, and the like. 
It is hoped, however, that the Guides will serve as an effective supplement to 
more formal study. 

I, HOW TO READ MATHEMATICS 

The student of mathematics must accept the fact that the technique of reading 
mathematics differs {mm that of reading a newspaper or a novel The compact 
nature of mathematical symbols makes special demands on the reader. For ex- 
ample, in reading a^ncwspaf^r or a novel, one can often skip superficially over 
sentences or even para^^phs without losing the thread of the story; in reading 
matimmatics, such a procedure is likely to be disa$tn}us. The result may be com- 
plete loss of understanding. 

In short, the reader of mathematics must not expect to be relieved of respon-^ 
sibility. He must be prepared to attack his task aggr^ively. This means reding 
slowly and carefully, with one s faculties ftKused on the jc^ in haxid. After a first 
reading to get the general idea, and a second reading to a^me to grips with de- 
taib, still further r<^adings may be necessary to gain mastery. 

To read mathematics successfully requires equipment — paper and pencil. All 
calculations and arguments in the text should be checked by the reader to ensure 
complete understanding. 



2. WHAT BASIC IDEAS TO SEEK OUT 

In undertaking an orgdnized prugram of reading and study, it is helpful to have 
a clear ntAioa of what ioiportant concepts are to be mastered. In order to provide 
weli-defined targets, each Studf Guide lis», immediately after the title of each 
eopic« (he basic ideas chat the reading fhuuld clarify. These lists also provide a 
framework for review after xius material has been studied. 

3. WHERE TO FIND BASIC IDEAS DISCUSSED 

The main purpose of the Guides is to list and organize suitable references for 
study. At the end of each Study Guide, all references are listed alphabetically by 
authors. Although these lists stem from a rather thorough examination of many 
books, it is not exhaustive and suggestions for appropriate additions will be 
welcome. 

In addition to the listings mentioned above, the references have been or- 
ganized with respect to each topic. Each Guide begins with a section entitled 
COMMENTS where the purposes of the particubj Guide are given and dis- 
cussed. A section entitled ORGANIZATION OF THE GUIDE describes the 
format and use which should be made of that particular Guide. 

A« STUDY GUIDE IN MODERN ALGEBRA 

COMMENTS: 

This Guide concerns especially the background for a contemporary course in 
introductory algebra. Consequently, we focus attention on set theory and mod- 
ern algebra. The topics selected for this pan of the Study Guide arc those 
deemed accessible to the teacher and relevant to the teaching of secondary school 
mathematics. 

ORGANIZATION OF THE GUIDE: 

In this Guide each reference is classified as a primary reference, a secondary 
reference, or a supplementary reference. The significance of these classifications 
is as follows: 

(a) A pf^niary refenmce is one in which the pr«entation is simple, direct, 
and conveniently organized for the purposes of the Study Guide. Such a reference 
is recommended as a suitable 6rst approach to the topic to which it is assigned. 

(b; A wcondary ref^enct? is one in which the material, although n^ily 
readable, is presented in less ccHivenient form. 

(c) A suppiementary ref^en^e is one in which the presentation is at a 
higher mathematical level, or in which the scope is broader than that ordsn^uily 
needed for secondary school purposes. 

SET THEORY 

The use of elementary notimis of sets, in one form or another, is included in 
virtually ail suggestions for revision of the secondary schcx)! mathematics courses. 
The reason is that an early introduction of set concepts and notations facilitates 
greatly the treatment of many topics in mathematics. The guide to set theory is 
divided into three parts: 



L GxKXpc ol m, definidoDs, tod ptopmia of sets. 
U. Rektions and fuoctiaos from the point of view of sets, 
m. Vwioui wvf% is which the set concept is used 

I. SETS —CONCEPTS, DEFINITIONS. PROPERTIES 
Bisk Topics 

Coocqx a set 

Element, or a Cibet, of a set. 

Nocatioa; hov ets ate specified. 

Universal set; null, or onpty, set. 

Subser, proper subsets. 

Operations with sea; Intencaion, Union, Coa,pIement 
Dujomt sets. 
Aigebfa of $«». 
Venn dia^ams. 

Primary References 

Au^Oo^fei andOaklby, PrindpIetofMathematica, Ch. 5. Sec. 1-7. 
pp. 103-1 14 

C(»«MissiON ON MATHEMATICS, Appciidices. Ch. 9, pp. 94-105 
Haac Smdicf in Macbematks, VoL III. Ch. 2, pp. 2. 12. 19 
Luce, B«k Cooocpta. Ch. l.Sec. I.M.d.pp. 7-31 
Johnson AND Glenn, Sets. Sentence* and Openitiona, pp. 1-34 
WooDWA«D AND McLennan, Elementary Concept* of Sets, pp. 1-25 
SeccMkiiry Rcfcrenccf 

Christian, Intsoductioa to Logic and Sets, Part II, Sec. 1-2, pp 35-41 

7*^ Undergraduate Psogra**, Elem. Math, of Sets. 
Ch. I, Sec. 14, pp. 4-22 

Johnson, Fim Course, Ch. l,Sec. l,pp. 1-4 

Kellby, J. L, Introduction to Modern Algebt*. pp. 36-50 

KEMENY.etal, Finite Mathematics, Ch,n,Sec 1-2, pp 54-63 

^^ifS ^'"^'^ Anatomy of Mathematics O,. 4, Sec 4.M.9. 
pp. 2o-44 ' 

Rme. a Modem Introchiaion to College Mathematics, Ch, 1, pp. 1-17 
Stoll. Sets. Logk and Axiomatic Theories, pp. 1-24 

Supplementary References 

Adlbi, The N«w Madiemacka. Ch. 2, pp. 55-43 

""''"^'hts^p^. 5^ ^ ^' 

Breuer (Fehr). Theories ol Sets. Ch. 1-6 

Evis AND Nhwsom. FiUMboieflisl Concepts, Ch. 8, See. & 1-8.5. pp. 226-259 
McCoy, Introduction to MocferaAlgdbr*. pp. 1-3 

Richardson, Fuafaunenialsof Muthematics. Ch. 7,pp. 176-205 
UNiviRsmf OF Chicago, Omctpts and Stnoture. Ch. 4, pp. 1 16-150 
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11. RELATIONS AND FUNCTIONS 

Basic Topia 

Set ot otdeted pairs, Gurtesian produa. 
Rektitm. 

Domain and range ol a relstioo. 

Vamble. 

Ftifxtioo. 

Nocatioo; how funaic^ are specified. 
Doauin and range of a function. 
Graph of a fuocticn. 
Invene of a funaioD. 

Primary References 

ALLBNDOfiKFER AND Oakley, Principles of Mathematics, Ch. 6, Sec. 1-5, 
pp. 124-140 

Commission on M.\the:4ATics, Appendices, Ch. 2, pp. 8-27 
Haag, Swdies in Mathematics, VoL III, Ch. 6, pp. 6.1-6.25 
Johnson andGlpnn. Sets, Sentences and Operations, pp. 40-48 
Woodward and McLennan, Elementary Concepts of Sets, pp. 30-49 

Secondary ReferetKes 

Johnson, First Course, Ch. I, Sec. 3, pp. 8-12 

KERSHNtR AND WlLCOX, Anatomy of Mathematics, Ch. 5, Sec 5.1-5.7, 
pp. 45-62 

Luce, Basic Concepts, Ch. 2, Sec. 2.1-2.9, pp. 47-79 

Rose, A Modern Introduction to College Mathematics, Ch. 2. pp. 18-58 

Supplementary References 

Kbllby, J. L, Introduaion to Mcxiem Algebra, Ch. 5, pp. 85-96 
National Counql of Teachers of Mathematics, Modem Mathe- 
matics, Ch. 8. pp. 241-272 
Stolu, Sea, Logic, and Axwmatic Theories, pp. 25-55 
Univeksity of Chicago, Concepts and Structure, Ch. 6, pp. 187-250; 
Ch. 7. pp. 251-500 

III USES OF SET CONCEPTS 

Commission on Mathematics, Appendices, Ch. 1, pp. 1-7; Ch. 2, pp. 

8-27; Ch. 9. pp. 94-105 
Johnson and Glenn, Sets, Sentences, and Operations, pp. 35-39, pp. 

48-57 

NAfiONAt CoUNOL OF TEACHERS OF MATHEMATICS, Modem Matbe- 

matici, Ch. 13. pp. 404428 
RouiKE, Some ..up 'text ions, Pampbtet pp. 74-86 

ALGEBRA 

A commcHi clement in all sug^iom for revision of the Algebra course is 
that there be greater emphasis on "algd>raic strucwre." For sectaidary srfiool 
purposes this cxua that the algel^iaic prqierties of the number systms should 
be stressed. This involves, more than anything else, a change in the attitu<fc of 
the teacher toward the subjea. The (A)jeaive of this pan of die Study Guide is 

6 
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to clarify the meaning of 'algcfarak struccurc ' so that the teacher will be able to 
bring out time ickas for the student at the appropriate tinie. This part of the 
Study Guide is divided into the following categories: 

I, Tte "discovery" of stature properties of number systems. 

II. The formal definition of cenatn algebraic structures and the study of 
some of theit elementary properties 

IIL The coimruaicm of one numbei system out of a simpler csie (e.g., 
fationals out of tlw integers aiKl cMfiplex numbers out of the real 
numbers). 

I. DISCOVERY OF STRUCTURE PROPERTIES 
Basic Topics 

Number Systems. 

Natural Numbers. 

Integers. 

RacicmaL 

Real 

Complex. 

Formal properties of number systems. 
Commutative law. 
Associative law. 
Distributive law. 
Closure. 

Icknttry elements and tteir special propenies. 
Additive ami multiplicative inverses. 
Order relations, density. 

Primary References 

Allendobkfer and Oakley, Principles of Mathematics, Ch. 2, Sec. 2.1- 
2J7,pp, 39-68 

Haag, Studies in Mathematics, Vol III, Ch. $, pp. 4.1-V38- Oi 4 no 
4 I^4.32;Ch. 5, pp. 5.1-5.19 ^ . . ^i'. 

Kelley, J. L. Introduction to Modem Algebra, pp I 35 
Richardson, Fundamentals of Mathematics, Chs, 3, 4, Sec. 1126, pp. 

Sawyer, W. W., Concrete Apprwch to Abstract Algebra, pp 1-25 
Secondary References 

Adiuk The New Mathematics, Ch. I, pp. 13^34 

Univemity of Chicago, Concept! and Stnictuf«, Ch. I, Sec. 1-7, pp. 
I "29 

Supplementary References 

CouRANTANDRoBBtNS. What 11 Matbcfluitic*? Ch. l.Scc. 1-2, pp. 1-20 
McCoy, latroduccion to Modem Algebra, Chs. 4-7, pp. 48- 125 

Naiional Council op Teacheks of Mathematics, Modem Mathe- 
nucics, Ch, 11, pp. 7 35 

7 
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a ALGEBRAIC STRUCTURES 

Bftiic Topia 

Major ispccts of g machraiaciad sm«ure. 
Undefioed termi. 

Axioms. 
Theorom. 

Nature of a proof. 

(see ANDREE, pp. 12-17). 
Groups; prc^rtics ol, and examples of. 
Fields; properties of, and exasnpUrs of. 

Primary References 

Allenooexfeji AND Oakley, Prtaciple$ of Mathematics, Ch. 3, Sec. 1*5, 

pp.69 82; Ch 4, Sec. MO, pp. 83-102 
All£ndohrf£X and Oakley, Fundamentab of Freshman Mathematics, 
Ch. Upp. 1-19 

Andree, Modern Abstraa Al^bra^ Ch. U Sec, 1-4, pp, M7; Ch 4, Sec. 

1-4, pp. 78-98; Ch. 8, Sec. 1-2, pp. 180-186 
Haau, Studies in Matbemsticsy Vol. Ill, Ch. 2, pp. 2.19-2.34 

Secondary References 

DUBISCH, The Nature of Number, Chs, 3, 8 and App. 

Johnson, First Course, Ch. 3, Sec. 8 12, pp. 57-76 

Kershner and Wilcox, Anatomy of Mathematics, Ch. 7, Sec. 1-3, pp. 

83-100; Ch. 20, Sec. 1-6, pp. 348-360 
McCov, reproduction to Modern Algebra, Ch. 9, pp- 166-194 
Rose, Mjdem Introduction to College Mathematics, Ch. 2, pp. 38-52; 

Ch. 4, pp. 70-102 

Sawyer, W. W., Concrete ApprMch to Al»tract Algebra, Ch. 2, pp. 

26-33; Ch. 3, pp. 71-82; Ch.6,pp, 115-130 

Supplementary References 

BiRKHOFF AND McLane, Modem Algebra 

CoMMiiTEH ON THE UNDERGRADUATE PROGRAM, Elementary Mathe- 
matics of Seta, Ch. \ll Sec. 26-29, pp. 1 37^ 165 

III. CONSTRUCTION OF NUMBER SYSTEMS 
Basic Tidies 

Constmaion of number systems. 

Building the integers. 

Building the raticmals. 

Building the ttt^ls. 

Building the complexes. 

Primary References 

ALtENOOERFER AND Oaklev, Principles of Mathematics, Ch. 11, Sec. 14, 

pp. 6164 

Commission on Mathematics, Appendices, Ch. 5, pp. 58^63; Ch, 20, 

pp. 194-199; Ch. 22, pp. 220-223 
Johnson, Pint Course, Ch. II, pp. 1 3-56, Sec. 4-7 
RicHARi^N, Fundamentals of Mathematics* Ch. 4. Sec. 19-20, pp, 78-87 

8 
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SecofxUry Referen:e« 

AOLE«, The New Matbenutia, Ch. 3. pp. 44-72; Ch. 4. pp. 7.V89 
Kellby, j. L, lairoduction to Modern Algebra, Ch. 5. pp. 199-227 
L£Vi. Elemena of Algebra 

McCoy. Introducckm to Bfodera Algebra, Ch. 5. pp 86-87; Ch. 7, pp. 

Mesbhve. Fufldametitai Concepts of Algebra, Ch. 1, Sec. 4-9, pp. 15-18 
Supplementary Refersnces 

Eves and Nevsom, Fuodamentai Concepts. 
Whitehead. An Introduction to Mathematics. 

NOT^: For teachers who wish to gain some additional insight into the 
system of natural numbers, the following are a few of the many books available 
for this purpose. 

Andree, Modem Abstract Algebra. 
CoUKANT AND RoBBiNS, What is Mactwmatics? 
Danizic Number, The Language of Science. 
Orb, Number Theory. 

Rademacher and Toeplitz, The Enjoyment of Mathematics. 
BIBUOGRAPHY 

Adler, I. The New Mathematics. New York: The John Day Co., 1958. 
Allbndoebfer, C B. and Oakley. C. O. Principles of Mathematics. New 

York: McOraw-Hill Book Co., Inc., 1955. 
ALLENDtJERFER, C B AND Oakley, C O. Fundamentals of Freshman Math- 

ematto. New York: Ni'c-Graw-Hill Book Co., Inc., 1959. 
Andree. R. V. Selections from Modem Abstraa Algebra. New York 

Henry Holt Company, 1958. 

BIRKHOFF, G. and McLanb. S. a Survey of Modem Algebra. New York 

The Macmillan Company, 1953. 
Brbuer, J. (FEHk. H. F.) Introdu«ion to the Theory of Sets. Translated by 

Fehr, H. F.; Englewood CJi{fs, New Jersey: Prentice-Hall, Inc., 1958. 
UNivERsi-nr OF Chicago College Mathematics Staff. Concepts and 

Structure of Mathematics. Chicago: University of Chicago Press, 1954. 
Christian, R. R. Introduction to Logic and Sets, Preliminary Edition. 

Boston: Ginn and Company. 1958. 

Commission on Mathematics. Appendices to the Repon of the Commis. 
SK»n on Mathematics. New York: College Entrance Examination Board, 

COMMITTEE ON THE UNDERGRADUATE PROGHAM Elementary Mathematics 
of Sets with Applit.'ations. Mathematical Association of America, 1958 

COURANT^ and RosBINS, H. What is Mathetnatics? London and New 
York: Oxford University Press, 1944. 

Dantzjg, T. Number. The Unguage of Science. New York: Doubieday 
Anchor Bodes. 1956. ' 

DUBISCH, R^ The Nature of Numbers, New York: The Ronald Press Com- 
pany. 1952.. 
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Eves, H. and Newsom, C. V. An locroductioa to the Fouodatioo and Fuo- 
damentil ConcepM of Mati^mntici. New Yatk : Rincharr *ind Company, 
19m 

Haag. V. Sfudti^ in Machemactcs, Vol. 111. Structure of Elemeniar)^ Alge- 
bra- School M&.«temattc$ Smdy Group, 1960, (Revised 1961./ 

Johnson, D. and Glenn, W. Sees, Sentences and Operations. St. Umis: 
Wehster PublUhing Cu^ I960, 

Johnson, R. E. First Course in Abstract Algebra. Englcwiukl tiiffs, New 
Jersey: Prentice-Hail, Inc., 1958. 

KsiLEY, J. L Introduction to Modern Algebra. Princeton D. Van Nostrand 
Company, I960. 

Kemsnv, J. G„ Snfll, J. L. and Thompson, G. L. Introduction to Finite 
Mathematics* EnglewoixJ Clilfs, New Jersey: Prentice-Hal), Int., 1956. 

Kershner, R. B. and Wilcox, L. R Anatomy of Mathematics* New York: 
The Ronald Press Company, 1950 

Levi, H. Elcmenu of Algebra* New York: Chelsea Publishing Company, 1953. 

LUCE, R. D. Studies in Matlwmatics, Vol. I, Some Basic Mathematical Con- 
cepts, School Mathematics Study Group, 1959, 

McCoy, N, Introduction to Modern Alfebra. Btiston: Atlyn and Bacon, 
1960, 

Mesfrve. B E. Ft«ndamenul Concepts of Algebra. Reading, Mass.: Addison- 
Wesley Publishing Co.. 1955- 

National C.oitNCiL of Teachers of Mathematics, Insights into Modem 
Mathematics, 23rd Yearbook. National Council of Teachers of Mathe- 
matics. Washington. D.C., 1957. 

Ore, Cy Number Theory and Its History. New York: McGraw-Hiil Book 
Company. 1948. 

Rademac her. H. and Toeplitz, O. The Enjoyment of Mathematics. Prince- 
ton, N. J / Princeton University Press. 1957. 

Richardson, M. Fundamentals of Mathematics* New York: The Macmillan 
Company, 1958. 

Rose. I A Modern Introduction to College Mathetnatics, y-w York: John 

Wiley and SonsJni... 1959. 
RoiiRKE. R. E. K Some ImpUcatsotis of Twentieth-Century Mathenuittcs 

for High Schools, Reprinted from The Mathematics Teacher, Vol. LI, No. 

2. February. 1958. National Council of Teachers of Mathematics, Wash- 

ingron. D.C. 

Sawyer, W. W A Concrete Approach to Abstract Algebra* San Francisco: 
W. H. Freeman and Company, 1959. 

Stoll, R. R. Sets, Logic, and Axionfiattc Theories. San Francisco: W. H. 
Freeman and Company, 1961. 

Whitehead, A. N An Introduction to Mathematics. New York and Lon- 
don Oxford University Press, 1948. 

Woodward, E. J. and McLennan, R. C Elementary Concepts of Sets. 
New York: Henry Holt and Ctimpany, 1959 
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t. STUDY GUIDE IN OEOMmY 

COMM£NTS: 

Thij Guide U coocerncd with the b»ckground for iwchw of geometry Refer- 
cnces we presented under five inji|or hetdiags: 

Deductkm and Poitulues 
Geometry d Euclidetn SfMce 
GeooKtries of Other Spaces 
Hiuoricil Development 
MisceiUneous 

TcKhen imdertakiag a personal study program and instructors of in-service 
courie* are urged to include at least parts of the references listed under each of 
the first four major headings. Several reference books will be required, and these 
must be selected in accord with the mathematical maturity of the reader and the 
topics to be emphasiaed. 

There does not exist any one cr two boob covering ail of the topics suggested 
m thU Study Guide. An elementary treatment of the topics may be obtained by 
atudying the following referenoa: 

Anderson. Conccpcs of Informal Geometry 

N.CT.M.. The Growth of Matlwmaticai Ideas (24th Yearbook) Ch 4 

pp. I11-I8I 

£vK andNbwsom. Foundattona and Fundamental Concepts of 
Machematki 

Another approach may be made to most of the topics by using the following 
references; * 

PRBNowira AND JORDAN, Basic Concepts of Geometry 
Stabler. An Introduction to Mathematical Thought 

A slightly more advanced approach to most of the topics may be made bv 
using the following refereiKe: 

MeSERVE, Futidamental Concxpa of Geon^try 

In each of these three cases there will be several omitted topics which should 
be studied using other references. 

ORGANIZATION OF THE GUIDE: 

Under each heading the Basic Topics are listed. Foltewing this list, each t«»ic is 
gwen with the suggested references. In a few cases the references arc listed in 
order of increasing matlwmatical maturity; in most cases the references are noted 
as concerned with different aspects of the topic. 

The BiWiograpby at the end of this Guide incluttes 48 references; 13 of these 
ate triple starred ( ••• ) to form a minimiU "at recommenekd for all secondary 
schoirf teachers. The thineen boob ptovide an introductitMi to most of the tt^ica 
coosidwcd in this Guide. Many ttachets will also find it worthwhile to study 
loeae of the more advanced t» more specialiaed boob and a seleaion from the 
newer secondary school materials. 



I DEDUCTION AND POSTULATES 

h 19 cu be huped chat geometry is no looger the fu%% concacc a student has with 
deduaive thioktag in mathematics* h is essential that thi? teacl^ m^rstaid the 
vocabulary and structure of bgic in order to discuss the oiechods of proof used 
in geocnetiy. The references that follow can supply this need. The refereiKes 
to poitulaiiooal systetm provide background f(x the variety of cont^porary 
secondary sc1hx)1 programs. 

Basic Topics 

a) Deduction 

b) The Postuiational Method 

c ) Some Postuiational Systeiju 

a) Deduaimi 

N.CTM, 24th Yearbook, pp. 111-181; Proofs 

N.CT.M,, 23rd Yearbook, pp, 76-93; Logical concepts 

Stabler, Introduaion to Logical Thought, pp. 43*101; Logic 

EXNEH AND ROSSKOPF, Logk in Elementary Mathematics, Full tteatmen^ 

b) Tl^ Postubtionat Method 

CU.P.M., Elementary Mathematics of Sets, pp. 4-22; Background on sets 
Newman, The World of Mathematics, pp. 1647 1667; Axiomatic 

nmhod — pp. 1723-1744; Logic and axi(»natics 
N.CT.M., 23rd Yearbook, pp. 273-.305; Origins of postuiatitxial systems 

c) Some Postuiational Systems 

C.U.P^^ Elementary Mathematics of Seta, pp. 110-119; Intro, and a 
finite geometry 

Meservb, Fuodan^ntal Concept of Geometry, pp. 9-20; Two finite 

HwATH, Thirteen BookM of Euclid's Elements, pp. 193 200; Euclid's 
postulates 

Stabler, Introductu>a » Matl^matical Thought, pp. U 19; Descrip- 
tion of Euclidean and nc^-Euclidean Gecraetries 

Young, Fundamental Concepts of Algebra and Geometry, pp. 154- 
134; Hiibert s postulates 

Eves and Newsom, Foundations and Fundamental Concepts of Math- 
ematics, pp. 82-91; Hilben s postulates 

YouNG« Monographs on Topia of Modern Mathematics* pp. 3-31; 
Vebien s pcmulates 

11. GEOMETRY OF EUCUDEAN SPACE 

These refereiKcs provide a bssis for understanding the various approaches to a 
deductive study of secondary school gamctry. Special attention should be given 
to the work of Euclid axd the newer school programs. 

Basic Topics 

a) Euclid's Elements 

b) High School GecHnetries Using Other Postulates 

c) Coordinates 

d) Length, Area, and Voluisie 
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c ) Cunstrtttititttu suui Conscructibiliry 
f; Tnuufornmiuns 

a ) Euclid's Eionents 

Heath. The Thirteen Books of Euclid's Elements, Books MV; Hichly 
reconuncfKied 

Klein, Mathemicics in Western Culture, pp. 188-208; Critique of Euclid 
KifTUZov. Geometry, pp. 447-472; Survey and Critique of Euclid 

b) High School Geometries Using Other Postulates 

BiSKHOFF AND Beatley, Basic Geometry, Birkhoff's postuUtcs 
S.M5.G., Geometry, Birkho0's postulates 

Curtis. Daus. and Walkeji, Euclitkan Geometry Based on Rulfr and 
Protractor Axioms, Discussion of structure of SMSG Geomet: 

Bhumfiel Eicholz and Shanks. Geometry, Modification of Hilbens 
postulates 

U.I.C.S.M., Unit 6; Geometry, BetwecniKss and meafure axioms 

c) Coordinate 

RfCHASDsoN. Fundamentals of Mathematics, pp. 224-273; Elements 
Kline, Mathematics in Western Culture, pp. 159-181; General 
C.E.EB.. Appendices, pp. 120-139; Content for Schools 
Eves and Nevsom. Foundations and Fund«n^ntal Concepts of Math- 
ematics, pp. 96-101; Coordinate model for Hilbert's postulates 

Levi Foundations of Geometry and Trigonometry, Affinc and Euclidean 
geonetry 

C.E.E.B.. Appendices, pp. 176-199; Vectors 
N.C.T.M.. 23rd Yearbook, pp. 145-199; Veaors 

d) Length. Area, and Volume 

Anderson. Concepts of Informal Geometry 
Kunizov, Geon^cry, pp. 381-446; Meaning 

e) Construaions and Construaibility 

Eves AiiJD Newsom. Foundations and Fundamental Concepts of Math- 
ematics, pp. 296-303; Criteria for ruler and compass construaiom 

KUTUzov. Geometry, pp. 51-133; A fuller treatment 

Young. Monographs on Topics of Modem Mathematics, pp. 353-386; 
Constructions, regular polygons 

f) Transformatifms 

CE-EB., Appendices, pp. 159-165; Use in elementary getsnetry 
KuTUZOV Geometry, pp 135-191; Concept— pp. 192-380; Elementary 
transforroatiwis 

III, GEOMETRIES OF OTHER SPACES 

The importance to the sectMidary school teacher of getanctries other than Eucli- 
dean is in the recognition that such gewnctriw are possible and arc entirely om- 
sistent. A detailed understanding of the structures of these geometries is less 
essential. One should distinguish between "tHX Euclidean" and "non- Euclidean". 
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The laiicf term pmpcrly refers mly to hyperbolic and ellipric gctimctrics; the 
former to any geometry other than chat of Euclidean space. 

Basic Topics 

a ) Non-Euclidean Geometries 

b) Projective aini Affine GecMnetries 

c) Topology 

d) Spaces of Other Dimensicms 

a) Non-Euclidean Geometries 

Bell, Men of Mathematics, pp. 294-306; Lobachewsks and hyperbolic 
geometry 

Richardson, Fundaisusntals of Mathematics, pp. 437-458; History and 
a few theorems 

COURANT AND RoBBiNS, What Is Mathematics? pp. 214-227; Brief survey 
Eves and Newsom, Foundations and Fundamental Concepts of Math- 
ematics* pp. 32-85; Thorough inrro. with prc^Iems 
LiEBEi AND LlHBEK, Non*Euclsdean Geometry 

Cars law. Elements of non-Euclidean Plane Geometry and Trigonom- 
etry, Ch. I, 2, 8; History and consistency of these geometries 

b) Projeaive and Afiine Geometries 

Eves and Newsom, Foundations and Fundamental Concepts of Math- 
ematics, pp. 102-108 

Kline, Mathematics in Western Culture, pp. 144-158; Projeaive geom- 
etry from art 

CoURANT AND ROBBiNS, What is Mathematics? pp. 165-214 
Prenowitz AND JORDAN, Basic Concepts of Geometry 
Mbserve, Fundamental Concepts of Geometry, pp. 25-218; Projective 
geometry as a basis for Euclidean 

c) Topology 

CouRANT AND RoBBiNs, What is Mathematics? pp. 235-271; Various 
aspects 

N.C.TM., 23rd Yearbook, pp. 306*535; Point set topology with problems 
HiLBERT AND Conn- VossEN, ' Geometry and the Imagifiation, pp. 289- 
340; Surface 

d) Spaces of Other Dimensions 
Abbott, Flatland 

Manning, Geometry of Four Dimensions 
IV. HISTORICAL DEVELOPMENT 

The history of gecsmetry is strikingly different from that of algebra where 
progress was very gradual. Euclid's EUmmis, a book modem in spirit although 
some 2000 ywt old, has had a profouiui influetKe on subsequent deveiopmenn 
Qmsequently, any serious study of geometry must be made in the light of this 
histc^* 

Basic Topics 

a) Gxnprchensivc 

b) Early Physiul Origins 
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c) The Greek Era 

d) The Renaissance 

e) Nineteenth and Twratieth Centuries 



a> Gicnprehemive 

CouRANT AND RoBBiNS, What IS Mgcheouitia? pp. sv xix 
Mesheve, Fundamencml Concepts of Geometry, pp, 219-267 

b) Early I^ysical Origins 

Eves, Intro, to the History of Matheoiacics, pp. 31-32.43-44; Babylonian 
era 

c > The Greek Era 

Eves, Intra u> the History of Mathematics, pp. 5 M78; An overview 
Kline, Matbemat ics in Western Culture, pp. 40-39 
Bell, Men of Matl^matics, pp. 19-34; Biographical 
Newman, World of Mathematica, pp, 79-113; Biographical 
Daktzig, The Bequest of the Greeks, pp. 1-45 

Van Dek Wabrden, Science Awakening, pp. 82 291; Excellent source- 
book 

Heath, Thirteen Books of Euclid's Elesunts, Ch. 1-3; Euclid's sources 
and commentates 

Neugbbaubh, The Exna Sckncea in Antiquity, pp. 139-146; Com- 
mentary on tte development of Greek Mathematics 

d) The Renaissance 

Eves, Intro, to the History of Mad^matki, pp. 277-286; Analytic ^om- 

etry — pp. 252-257; Projective gCOTaeoy 
Kline, Mathematics in Western Cultuiv, pp. 126-181 
Bell, Men of Mattmnatics, pp. 39-40, 52 55, 59-61. 63-64; Analytic 

gcometry~pp. 76-79, 209-217; Projeaive geometry~pp. 184-187; 

Descriptive gecnnetry 

e) Nineteenth and Twentieth Craturies 

Eves, Intitx to tl^ History of Mathematics, pp. 122 126; Non-Euclidean 

gcometries~p. 254; Kkin's Erlanger Programm 
Kline, Mathematics in Western Culture, pp. 410-431 
Bell, Men of Mathematica, pp. 263-267; Differential gccmetry— pp. 267^ 

268, 492; Topotogy~pp. 299-306, 491495, 503-509; Non-Euclidean 

Geometries 

Wolfe, Intro* to Non-Eudiiiean Geometry, pp. 17-64; Non^Euclidean 
Geometries 

CouiANT AND RoBBiNS, What IS Biatbematics? pp. 235-236; Topolo^ 
V. MISCELLANEOUS 

Teachers are encouraged to select references according to their special interests. 
The references for informal geometry should be helpful to teachers of eks 
actuary school^ junior hi^ scIkxiI, and general mathematics ccHirses in high 
school 
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Bok Topics 

a) Gcixnctry io Relation to Algebrm aod Analysis 

b) GeooKCfy in Rclacion to the Physical Universe 

c) Ceocnetry in Relacion to An 

d) Induction and the Tming of Hypotheses 

e> IxifocmalGeonietry for Elenientary and High Schoof Teachers 
of Matbcmatks 

a) Geometry in Relaticui to Al^bra and Analysis 

CouiANT AND ROBBiNS, Wtttit 15 Mftct^tiuitics? pp. 233 271, 312*321; 
Also t{^x>bgy 

HiLBElT AND CoHN-VosSEN, Gteometry and the Imagsnatkin, pp. 171- 
271; Also the non-£ucIidean g^'ocnetries 

b) Geometry in Relation to the Physical Universe 
BoEHM, The New World of Matb« 
Whitehead, Introduaioa to Mstbetnatics 

Newman, The World of Mathematics^ pp. 671-724; Symmetry — pp. 734- 
770; Motion— pp. 780*819; Loogitude--pp. 871^881; Cr)^h — pp. 
952-957; Size 

HOLDEN AND SiNGEH, CrysuUf and Crystal Growing, pp. 120-212, 223- 

275; Geometric structure of crysmls 
Kline, Matbcmatics in Western Culture, pp. 144-150; Perspeaive — pp. 

150-158; Map projections 
Deetz: AND Adams, Eiements of Map Projection 

c ) Geometry in Relation to Art 

Newman, The World ol Mathematics, pp. 600-622, pp. 622-626; Basic 
Kline, Mathematics in Western Culture, pp. 126-143; 

More comprehensive 
IviNS, Art and Geon^try, Eaceifent treatment 

d) Induction and the Testing of Hjrpothes^ 
PoLYA, How tt> Solve It 

LiEfi£A AND LiEBEA, The Eduoitkinof X C Mits, pp. 129-167 

c ) Informal Geometry for Elementary and High School Teachers of Mathematics 
Akderson, CoocefM ol Informal Geometry 

S.M.S.G., Mathemtttia for Junior High SdKX>I; Afathematics for file- 

mcnouy School 
RAVietLi, An Adi^mre in Gwmetiy 
Abbott, FUtlaod 

Newman, The World ol Mathematics, pp. 2385*2596 

Stejnhaus, Macbematkal Snapshot^ pp. 184-190; Maps— pp. 211-213; 

Surfaces— pp. 214-240; T<^iolo3y 
Kasner and Newman* Mathematics and the Imagination, pp. 112-155, 

265-298 

OGfLVY« Thimigh the Matfaescope, pp. 49*84, 96-129 
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C STUDY GUIDE IN NUMBER THEORY 



COMMENTS. 

Since numbers fofm the bists fur all mathematics, the theory of numbers in the 
broftd sense embraces ail elementary mathematics. A knowledge of the structure 
of number systems is also basic to the study of algebra. For what we might call 
the al^raic propenies of numbers i laws of operation, extefisions of the num- 
ber system, etc.) the reader is referred to the Study Guide in Modern Algebra* 

On the otl^r hand, the rheory of numbers is usually understood to refer to 
the su<alled arithmetic pniperties of integers. A great many of these are con- 
cerned with divisibility, aid all of them emphasia^ the discrete aspect of the 
inte^rs as opposed to the continuous properties of the reuk The applications 
of number theory usually depend on the fact that many physical phenomena are 
discrete rat^. than continuous. 

Very earl^r in his mathematical experience, the student meets and uses the 
concepts of factor, divist^r, prime, greatest common divisor, and least common 
multiple. The similar properties of polynomials, when they occur later on in 
algebra, appear as^natural generalizations of these ideas from number theory. 

Moreover in this field one encounters solutions to many of the puzzle prc^lems 
which through the years have held the attention of layman and mathema- 
tician alike. In this subject many questions can easily be asked which are under- 
standable to anyone with a minimum knowledge of mathematics. To some of 
these questions there are elegantly simple answers which can be discovered by 
the clever student, others have yielded only to intricate mathematics of the 
deepest kind, and still others remain unanswered to this day. 

A basic preparation in number rheory then, in addition to furnishing the 
teacher with a sti^rehouse of new and interesting topics for the bright student, 
should help him to deal mtire confidently and competently with many of the 
concepts encountered in mathematics today. 

ORGANIZATION OF THE GUIDE: 

The Guide to Number Thetjry fists six major areas for study. After each 
heading, essentia! ideas and important results are mdicated. The topics selected 
are thtjse deemed accessible to the teacher and relevant to his teaching. Several 
developments which are important, but not absolutely essential in a brief study, 
are starred ( • ) . 

In this (luide at least mc primary reference and frequently secondary refer- 
etKes are given after each topic in the outline. The significance of these classi* 
%attons is as follows: 

a) ' A primary reference is o«w in which the presentation is simple, direa, and 

conveniently organized for the purposes of this Study Guide. Such a refer- 
ence is reccunmcnded as a suitable first apprcnch to the topic to which it is 
assigned, 

b) A secondary reference is one in which the material is presented in less con* 
ventent form, usually at a higher level of mathematical sophistication. The 
treatment may be more extensive and have greater depth than ordinarily 
would be needed. 
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A iisc of Supplcmmmy T^^m is given rtrher chan lis^ of Suppkanratary 
ReferaKcs, These supptemeotsiry ropia iiKlude many interesting sperial topia 
whkh are fascinacing in (beif own ri^c, but which are noc centfal in the theoiy of 
numbers. It is hoped chat the users of this Guide« having tasted the unusual 
flavon of this brandi of mathraiattcs, wtH want to investigate scxne of these 
imeresting supplesmtary fields. 

I. ^^JMEilAL SYSTEMS 
Basic Topics 

a ) History and development of the nouticMi for the integers 

b) Positional number systems 

c ) Number bases 

Primary References 

Dantzig, Number, ti^ Language of Science, Ch, 2, pp. 20-36 
DUBISCH, The Nature of Number, Ch. t & 2, pp. 3*24 

For (a) above; 

OKfi, Number Theory and Its History, Ch. I, Sec. 1-8, pp. M5 
For (b) above: 

Oeb, Nuntiber Theory and Its History, Ch. 1, Sec. 9, pp. 16 24 
For (c) above: 

DAimiG, Number, The Language of Sckiu^ Ch. U Sec 9 1 1, pp. 12*17 

Griffin, Elenaencary Theory of Numbers, Ch. 3* Sec. 10, pp. 37*40 

Jones, The Theory of Numbers, Ch. I, Sec. 9i pp. 23-26 

MfiRAiLL, Mathematscal Excursions, Qi. 2, pp, 1 3-22 

Ore, Number Theory and Its History, Ch. 2, Sec. 4, 5, pp. 34^39 

Stcwart, Theory of Numbers, Ch. 4, pp. 21-26 

UsPENSKY AND Heaslet, Elen^ntary Number Theory, Ch. 1, Sec. 6, 

pp. 13^15 

Secoodary References 
For (c) above: 

Hardy and Wright, An Introduction to the Theory of Numbers, Ch, 
9. Sec. 1-7, pp. 107-117 

II DIVISIBIUTY PROPERTIES OF THE INTEGERS 
&sic Topics 

a) Fundamental concepts: factor, divisor, prime, composite, greatest com- 
mon divisor. least common multiple 

b) The Euclidean algorithm % 

c ) The Fundanmital Theorem of Arithmetic 
*d) r(n), <T(n) ami pcrfea numbers, (pin) 

Primaiy References 

For (a) above: 

Griffin, Elementary Theory of Number*, Ch. 1, Sec. 3. pp. 6-9; Ch. 3, 
Sec. 7. p, 33 

JOHm, The Theory of Numbers, Ch, I, Sec, 8, pp. 14-19 
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For (b) above: 

COUHANT AND RoBBiNs, What U MsclMnMcics? Ch. 1 Supp, Sec. 4, pp 
42-46 

GWFFJN, Ekmenouy Theory of Numberi, Ch. 3. Sec. 6, pp. 31-32 
Jones, The Theory of Numben, Ch. I. Sec. 8, pp. 16-17 
OtE, Number Theory and la Hinory, Ch, 3, pp. 41-49 
SMSG. Esuyt <mi Number Tbecuy, Vol 2, Sec. 4, pp. 19-23 
Stewakt. Theory of Number^ Ch. 5, pp. 27-31 

For (c) above: 

CouKANT AND RoBBiNS, What 1$ M«thematici? Ch. 1 Supp., Sec. 2 pp. 

Davenkwt, The Higher Arithmetic pp. 17-22 

GtiFFiN, Elementary Theory of Number*. Ch. 3, Sec. 4, pp. 28-30 

Jones, The Theory of Numben, Ch. I, See. 8, pp. 18-19 

0«£, Number Theory and Its Hisnuy, Ch. 4, Sec. 1, pp. 50-52 

SMSG. Ewiys on Number Theory, Vol. 1, Sec. 3, pp. 19 27 

Stewart, Theory of Numbers, Ch. 6, Sec. 1-3, pp. 32-55 

¥ot (d) above: 

Dantzjg, Number, The Language of Science, Ch. 3, Sec. 9, pp. 45-46 
Griffin, Eleowntary Tlieory of Numbers, Ch. 3, Sec. 8, 9. pp. 34-37: 
Ch. 4. Sec. 4, pp. 58-60 

Jones, The Theory of Number^ Ch. 2, Sec. 6, 9. pp. 48-50, 56-58 

Ore. Number Theory and Its History. Ch. 5, Seel, 2, pp. 86-%. 

SMSG, Essays on Number Theory, Vol. 2, Sec. I, 2, pp. I-l I 

Stewart, Theory of Numbers, Ch. 8, Sec. 1-3, pp. 45-48; Ch. 16, pp. 
102-110 

Secoodsry References 
For (a) above: 

Nagell, Introduction to Number Theoiy, Ch. 1, Sec. 1, 3, 5, pp. 1-19 
For (c) above: 

Nagell, Introduction to Number TlMory, Ch. 1, Sec 4, pp. 14-15 

Hademacker and Toeplitz, The Enjoyment of Mathematics, Ch. 1 1, 

pp. 66-73 

UsPENSKY AND Heaslet, Elementary Number Theory, Ch. 4, Sec 4, 

f^. 71-73 

For (d) above: 

Nagell, lacroduction to Number Theory, Ch. 1, Sec 8, 9, pp. 23-29 
NiVEN AND ZvcKERMAN, An IntToductKjfl to die Theory of Numben, 
Ch. 2, pp. 34-38 

Radbmacher and Toeplitz, The Enioyment of Mathematics. Ch. 19. 

pp. 129-135 

USPENSKV AND Heaslet, Elementary Number Theory, Ch. 4, Sec. 7, 

10, pp. 76-77. 80-82 
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Ill PRiM£ NUMBERS 

BukTopks 

• ) Euclid's proof of the iafinirude of pt'usm 

c) The «iisuilHuk» of priiMftoddw prime oumbcftlMorein 

Priffluy Refeteoco 

Davenpoit, The Higher Ajrithmetk. Ch. 1, pp. 9-40 
For («) above: 

Griffin. Elcaefltsry Tbeofy of Numben, Ch. 3, Sec. 3. 4, pp. 26-27 
Jones, The Theory of Numben, Ch. 1, Sec S, p. 19 
Okb, Number TheiMy tad Its History, Ch. 4, Sec. 6, p. 65 
SMSG, Eaayf on Number Theor.', Vol. 1. Sec I, pp. 2-3 
Stewa«t, Theory of Numbers, Ch. 7, Sec. 3. pp. 40-42 

For (b) above: 

GftiFFiN, Elementary Theory of Numbers, Ch. 3. Sec. 1. p. 25 
OnE, Number Theory sod Its Htscory. Ch. 4, Sec. 6, pp. 64-^9 
Stbvait, Theory of Numbers, Ch. 7, Sec 2, pp. 37-40 
USPENSKY AND Heaslet, Elementary Number Theory, Ch. 4, Sec 3, 
pp. 69-70 

For (c) above: 

CounANT AND RoBBiNs, What Is Mathematics? Ch. 1, Sec 2, pp. 25-31 
Ore, Number Theory and la History, Ch. 4, Sec. 8, pp. 75-85 
SMSG.iEssays on Number Theory. Vol. I, Sec 1. pp. 4-7; Vol. 2, Sec 3. 
pp. 13-17 

Stevait, Theory of Numbers, Ch. 7. Sec 4. pp. 42-43 

Secondary References 
For (a) above: 

USPENSKY AND i^EASLET, Eleottatary Number Theory, Ch. 4, Sec 11, 
pp. 85-86 

Fof (c) above: 

Haidy and Wright, Ao locroduaioa to cIm Theory of Numbers, Ol 
l.pp. Ml 

Nagell, latRKiuakm to Number Theory, Ch. 2, pp. 47-67; Ch. 8, pp. 
275.299 

rv. CONGRUENCES 

Bmc Topta 

a) Elementary propenici 

b) The adutioa of coogtuences 

c) Tests for divisibility 

*d} Fetmu's and EuSer's tbef^ems 
*e) WUsoa's theorem 

Primary References 
For («) above: 

Griffin, Ekmefltary Theory of Numbers, Ch. 4, Sec 1, 2, pp. 53-55 
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Jones, The Theory of Numben, Ch. 2, Set. 5, 4. pp 41-44 

Ore, Number Theory mod In Histtuy. Ch. 9, Sec. 1, 2, pp, 209-213, Sec. 
4, pp. 216-224 

SMSG, Esutyi on Number Theory, Vol I, Sec. 2, pp. 9- 1 i 
VoiiNC. MoQognphs in Modem Mathematics, Ch. 7, Sec. 4, pp. 320-325 
For (b) above: 

G«iFHN. Elementary Theory ol Numbers, Qi. 5. pp. 66-87 
Jones. The Theory of Numberc, Ch. 2. Sec. 5, pp. 45 47 
Ore, Number Theory and Its History, Ch. 10. pp. 234 257 
For ( c ) above: 

Dantoic Number, the Language of Science, Part 11. Sec A. pp. 268-270 
Merrill. Mathematical Excursions, Ch. l.pp. 1-7 
Ore. Number Theory and la History, Ch. 9, Sec. 5, pp. 225-233 
SMSG. Essays on Number Tl^ory, Vol. I, Sec. 2. pp. 1 1-12 
Stewart, Theory of Numbers, Ch. 1 7, Sec. 4, pp. 115 - 1 1 7 
Young, Monographs in Modem Mathematici, Ch. 7. Sec. 4. pp 326-327 
Ftw '(d) above: 

Griffin. Elementary Theory of Numbers, Ch. 6. Sec. 1, 2, pp. 88-89 

Ore, Number Theory and Its History, Ch. 12. Sec. 1, 2, pp. 272-279 

Stewart. Theory of Numbers, Ch. 18. pp. 1 19-125 

UsPENSKY AND Heasi.et, Elemenury Number Theory, Ch. 6, Sec. 9, 
pp. 146- 147 

For '(e) above: 

Griffin. Elementary Theory of Numbers, Ch. 6. Sec. 5, pp. 92-93 

Jones. The Theory of Numbers, Ch. 2, Sec. 11. pp. 55-56 

Stewart, Theory of Numbers, Ch. 20. Sec. 7. p. 144 

UsPEN&KV AND Heaslet. Elementary Number Theory, Ch. 6, Sec. 12, 
pp. 153-157 

Secondary References 

LeVeque, Topics in Number Theory, Ch. 3. pp. 24-47 

Nacell. Inttoduaion to Number Theory, Ch. 3. Sec. 19-23. pp. 68-78 

NiVEN AND ZucKERMAN. An Introduction to the Theory of Numbers. 

Ch. 2. pp. 20-34 

For { a ) above; 

USPENSKY AND Hbaslbt. Elementary Number Theory. Ch. 6. Sec. 1-3. 
pp. 126-134 

For '(d) above: 

LeVeque, Topics in Number Theory, Ch. 3. Sec. 7. pp. 42-47 
Nagell, Introduction to Number Theory, Ch. 5. Sec. 21. pp. 71-73 

For '(e) ab<wc: 

Nacell, Introduction to Number Theory, Ch. 3, Sec. 30. pp. 99-101 
Ore, Number Theory and Its History, Ch. 11, Sec. 1. 2. pp. 259-267 
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V. DIOPHANTINE PROBLEMS 
Buic T(^ks 

a ) Linear Diophantine eqiuttoos 

Some ouadratic equaticw; e.g. Pythagorean tf ipies 

Primary References 
Far (ft) above: 

Gkiffin. Elemenury Hieocy of Nunibers, Ch. 2, pp. 14-24 
Jones. Tbe Thcoiy of Numbers, Ch. J, Sec. 1-3, pp. 29-32 
Merhill, Mathematical Escufsioiu, Ch. 12, pp. 119-127 
Ore, Number Theory and Its HitKiry, Ch. 6, 7, pp. 1 16-157 
SMSG. Enays on Number Titeory, Vol 2. Sec. 4, pp. 19-26 
Stewart. Theory of Numbers, Ch. 12. 13. pp. 72-85 

For (b) above: 

CouRANT AND RoBBiNS, What b Mathematics? Ch. 1 Supp., Sec. 3, pp. 
40-42 

Jones. TTie Theory of Numbers, Ch. 3, Sec. 4, 5, pp. 69-73 

Ore. Number Theory and Its History, Ch. 8, Sec. I. pp. 165-170. Sec. 

3-6, pp. 179-203 
Stewart, Theory of Numbers, Ch. 14, pp. 86-93 

Secondary References 

NiVEN AND ZltCKERMAN. An Introduction to the Theory of Numbers, 

Ch. 5, pp. 94-110 

For (a) above: 

Nagell, Introduction to Number Theory, Ch. I. Sec. 10, pp. 29-32 

For (b) above: 

Davenport, The Higher Arithmetic, Ch. 7, pp. 152-168 

Hardy and Wright, An Introduction to the Theory of Numbers, 

Ch. 13. Sec. I, 2. pp. 190-191 
Nagell. Introduction to Number Theory, Ch. 6. pp. 188-226 
Raoemacher and TofcPLiTZ, The Enjoyment of Mathematics, Ch. 14, 

pp 88-95 

VI. FAMOUS UNSOLVED PROBLEMS 
Basic Tqpia 

a } Formulas for primes 

b) Gok&ach's Conjecture 

c) Waring's problem and the sums of squares 

d) Ferroat's Last Theorem 

Primary References 
For (a) above: 

Courant and Robbins. What Is Biatbematia? Ch. 1 Supp.. Sec. 2, 
pp. 25-27 

Oantzig, Number, The Language of Science, Part II, Sec. B-7, pp. 
287-290 

Ore, Number Theory and lis HiMUtry, Ch. 4, Sec. 7, pp. 69-75 




For (b) ibove: 

COUKANT AND RoBBjNs, Wh»t Is Mathematics? Ch. 1 Supp.. Sec. I. pp. 
5051 

Oie, Number Theory and Its History, Ch. 4, Sec. H, pp. 81-83 
For (c) above: 

Griffin. Elementary Theory of Numbers, Ch. 10. Sec. l.pp. 158-166 
Jones. The Theory of Number*, Ch,.6, Sec. 6. pp. 1 33-1 35 
Ore, Number Theory and ItsHiitory, Ch. 1 1. Sec. 3. pp. 267-271 
Stewait. Theory of Number*. Ch. 25. 26. pp. 175-186 

For (d) above: 

Dantzjg, Number, The Unguage of Science, Ch. 1. Sec. 14. 15, pp. 53-56 
Griffin. Elemenury Theory of Number^ Ch. 10. Sec. 3. p. 168 
Ore, Number Theory and Its History, Ch. 8, Sec. 7, pp. 203-207 
Stewart. Theory of Number^ Ch. 15. Sec. 1. pp. 94-95 

SeconJ«ry References 
For (a) above: 

Hardy and Wright, An Introduction to the Theory of Numbers, Ch. 

1. Sec. 5, pp. 5-6; Ch. 2. Sec. 7, pp. 17-18 

For (c) above: 

Hardy and Wright, An Introduction to the Theory of Numbers, Ch. 
20-21. pp. 297-339 

Rademacher and ToEpLirr, The Enjoyment of Mathematics, Ch. 9, 

pp. 52-61 

LeVeque, Topics in Number Theory, Ch. 7, pp. 125-136 
Fw (4) above: 

Rademacher and Toeplite, The Eopyment of Mathematics, Ch. 14, 

pp. 92-95 

UsPENSKY AND Hbaslet. Elementary Number Theory, Ch. 12, Sec. 7, 
pp. 407-412 

SUPPLEMENTARY TOPICS 

A. Panttions 
Primary RefereiKcs 

Griffin. Elementary Theory of Numbers, Ch. 12. pp. 190-195 

Secondary References 

Hardy and Wright. An Introduction to the Theory of Numberi, 

Ch. 19. pp. 273-296 

NiVEN, An Introduction to the Theory of Numbers, Ch. 10, pp. 

200-206 

B. Continued Fractions 

Primary References 

CoiiRANT AND RoBBiNS. What Is Mathematics? Ch. I Supp., Sec. 4, 
pp. 49-51; Ch. 6, Sec. 5, pp. .301-303 
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Dast/aq, Number, The Language of Scknceu Ch. 8. Sec. 13. 14, 

pp, 157-159 

Davenport, Higher Aritiunecic, Ch. 4, pp. 79- 11 4 
Jones, The Theory of Number*, Ch, 4, Sec, 3-6, pp. 82-91 
LfiVsQUfi, Ekmeayury Theory cf Numben, Qt 5, pp. 75-95 
STBWAtT, Theory erf Numberi^ Ch. 32, pp. 238-247 
Wright, Fine Coune so d» Theory of Numbers, Ch. 2, pp. 15-42 

Secondary References 

Hardy and Wright, An Introduction to the Theory of Numbers, 

Ch. 10, pp. 129-153 
NiVEN, An Incroduccioo to the TluKury of Numbers, Ch. 7, pp. 

134-148 

C The equation %^ - Dy^ — 1 
Primary References 

Griffin, Element Theory of Numbers, Ch. 10, Sec. 6, pp. 172*176 
Jones, The Theory of Numbers, Ch. 4, Sec. 8*10, pp. 96-104 

Secondary References 

LeVeque, Topics in Number Tlm>ry, Ch.8,Sec. 1-3, pp. 137-148 

D. Fibonacci Numbers 
Primary References 

Jones, The Theory of Numbers, Ch. 4, Sec. 1 , 2, pp. 76-82 

Secondary References 

Hardy and Wright, An Introduction to the Theory of N ; ^ ^rs, 

Ch. 10, Sec. 14, pp. 148-150 

E. Classical Construaicm Problems 

Primary References 

Courant and Robbins, What b Mathematics? Ch, 3, Part I, pp. 
117-140 

Ore, Number Theory ami Its History, Ch, 15, pp. 340^358 

Secondary ReferetKcs 

Hardy and Wright, An Introduction to the Theory of Numbers, 

Ch, 5, Sec, 8, pp. 57-62 
Rademacher and ToEPtiTZ, The Enjoyment of Mathematics Ch. 

13, pp. 82^88 

Young, Monographs in Modern Matlmxmtics, CK S, pp. 353-386 

F. Farey Series 
Primary References 

Jones, The Theory of Numbers, Ch. 4, p. 92 
Nacblu Intfoductkio to Number Tl^ry, Ch. I, p. 46 

Secc^idary References 

Hardy and Wright, An Intraduciion m the Theory of Numbers, 
CK 3. pp. 23-^ 
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UVbque, Topics in Number Theory, Ch, 8, Sec. 6, pp. 154-158 
NiVEN. An Introductioa to tim Theory of Numbers, Ch. 6. pp. 
128-133 

G. The Period Of A Repeanog Decimal 
ftimary References 

Jones, The TJjeory of Numbers, Ch. 2, pp. 38-41, p. 5 1 
Meewll, Mathematicsl Exomioas, Ch. 5, pp. 44-58 
Ore, Number TI»ory ami Its History, Ch. 13, pp. 311-325 
Stewart, Theory of Numbers, Ch. 31. Sec. 4, pp. 228-233 
Secondaxy Refereoces 

Hardy and Wright. An Introduction to the Theory of Numbers, 
Ch. 9. pp. 107-128 

Rademacher and Toeplitz, The Enjoyment of Mathematics, Ch 
23, pp. 147-160 

H. Poly^xul Numbers 

Primary References 

Dantzig, Number, The Language of Science. Ch. I, Sec. 3-6, pp. 
42-44 

Stewart, TiMory of Numbers, Ch. 24, Sec. 3, pp. 172-173 
USPENSKY AND Hraslet, Elementary Number Theory, Ch. 1. Sec. 4. 
pp. 9-11 

I. Magic Squares 
Primary Ret^rences 

Merrill, Mathematical Excursions, Ch. 7, pp. 67-76 

UsPENSKY AND Heaslet. Elementary Number Theory, Ch. 7 Ap- 
pend, pp. 159172 

J. Calendar Prdblems 

Primary References 

USPENSKY AND Heaslet, Elementary Number Theory, Ch. 7 Ap- 
pend.. pp. 206-221 

K. A Property of 30 
Primary References 

Fraenkel, Integers and Theoty of Numbers, Ch. 3. Sec. 1, pp. 33-35 

Rademacher and Toeplitz, The Enioymeot of Mathematics, Ch. 

27. pp 187-192 

Secondary References 

UsPENSKY and Heaslet. Elementary Number Theory, Ch. 4, Sec. 
12-1.3. pp. 87-90 
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0. STUDY GUIDE IN PROIAMUTY AND STATISTICS 



COMMENTS: 

Thii Guick coaarrns especially the fa«ckground for a cootanporary course in 
eieineatary prolMbiiitir tad statistic*, lucb u the course recommended u an 
optioa ia Grade 12 by the Cc»uinixsi<m on Mathetnatia of the College En- 
cttoce ExamioatiiM Board. 

Descriptive statistics, which is coticemetf with colleaing. orgaflizing, sum- 
fflarixing. and presenting dau. has, to a varying extent, often found a place in 
sdujol mathematics programs; this aspect of statistia is matlwmatically almost 
trivial and places no special demands on the teacher. To the statistician, tow- 
ever, as to nuxt users of statistics, the accumulation of data is only the be- 
ginning; the data are tl«? known facts. from which he seeks, to make valid 
and useful inferences about tlw unkiMwn. Tlw investor Kudyiog a financial re- 
port is interested not so much in past perfornaance as in future profit; the in- 
spector stidying a sampk of mass-produced items must make a decision abtxit 
the entire kx from which the sample is drawn. This problem of inference is 
the main issue in modern statistics, so much so that the subjea has been aptly 
defined as the science of making wise decisions in the fatt of uncertainty. Prob- 
ability not only furnished the matl^natical fcauKiation on which statistics is 
built but is, in its own right, an important, interesting, 3uad fast-growing branch 
of tnathematici. 

The backgrounds of many teachers are likely to include a smattering of 
classical probability, usually taken as part of a course in Advanced Algebra. 
This may be more deceptive than helpful. Probability, in the classical treat- 
ment, omsists largely of a colleaion of techniques for counting "equally likely" 
alternatives. TIm subject in its contemporary form makes extensive use of truly 
modem mathematical C(»icept$, and a study of probability can therefore serve 
to illuminate and extend many important mathetnatical atxiom which are now 
begiiming to find their way into the high-school program; it t^ furnish sig- 
nificant antwns to the qiwstion "What and why is mo<tern mathenatics?" It 
sheds, for example, new light <m the comMpts of set and of fuiKtioo, in a way 
which is neither trivial nor contrived. The insight gained through a study of 
probability can theref<m be uKful to a teacher, even though he may axx be 
teaching a course in the subjea. He must recognize, however, that these in- 
tellectual gains (like most) are not to be achieved without effort. Probability is 
not a subjea in which the beginner can fruitfully browse; it taka work, but 
rewards are in pn^rtion. 

0RGANI2;ATI0N of the GUIDE: 

The subjects of proi»biIity and statistics have to do with the analysis of 
processes (experiments) wtoie outcomes ate uncertain and therefore depend m 
chance. It is mathematically ccmvenient to diKinguish two basic types of ex- 
periments. The first, which is cailed ttw discuig type, is {»ie in which the pos- 
sible outcomes can be numbered, using positive integers. Examples of this type 
are the toss trf a coin, in which thtte arc two possible outcomes, or the roll of a 
dke, in which there are six, or the OKnbinatioa of hereditary faaots in reproduc- 
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lion, miicrc the number of possible outcfuncs m^y be very large indeed. The sec- 
ond^ calied the conlinuous type, is an experiment in which any one in a 
continuous interval of numbers may occur. Some examples of this type are the 
height of a man selected at randmn, or the duratit^ of a telephOM call, or the 
selection of a rea! number between 0 and I. 

The basic concepts of probabiiiry and scarifies can be presented in terms of 
disaete experiments. When this is done, the only oaathematics used is elemen- 
tary at^bra and set theory. The introduaion of continuous exf^ritnents carries 
with if the introduction of more advanced mathematical concepxs. In panicular 
a working knowledge uf the calculus is required. 

The thorough knowledge of the basic concepts of probability and statistics 
for discrete experiments ^ould serve as a sufficient backgroumi to teach an 
elementary course in probability and statistical inference. Part I of this outline 
presents the topics and references for this background. 

The study of any bramrh of mathematics proceeds by successive levels of 
difficulty. The understanding of the subject at one level is generally very much 
increased by the study «f the next level of difficulty. For this reason. Part 11 in- 
cludes references for $cmc of the more advanced topics in probability and 
statistics. The teacher, after mastering the material in Pirt I, may wish to study 
one or more of the topics in Part II. Similarly, a greater appreciation of the 
importance of probability and ^tistics comes frcMn the study of applications. 
The references in Pan I include many applications. However, the treatment is 
often adapted to illustrate a mathematical point rather than to contribute to a 
subject area. Therefore, Part III includes certain refcrem:es where the cmpliasis 
is on the contribution of probability and statistics to subject areas outside of 
mathematics^ It would be expected that the material in Pan II and Pan III is 
primarily for the background of the teacher. However, some of the material 
would scr\e for special promts and reading for advanced students. 

For the basic Part I, the references have been organised with respect to each 
topic, and each reference is classified as a primary reference, a secondary refer- 
ence, or a supplementary reference. The significance of these classifications is as 
follows: 

a ) A primary reference is one in which the presentation is simple, direct, and 
conveniently organized for the purpose of this Study Guide. Such a reference 
is recommended as a suitable first approach to the topic to which it is 
assigtted. 

b) A secondary refefen^:^ is one in which the material, although readily readable, 
is presented in less convenient form. 

c) A suppUm^nSary reference is oiw in which the proicntation is at a hi^er 
mathematical level, or in which the scope is broader than that ordinarily 
needed for high school purposes. 

For Pan I of this Study Guide primary and secondary references are those 
which develop the discrete theory and which do not require mathematics other 
than elementary algebra. (The set the«y used is developed in the probU)iHty 
references.) SiiKC the statistical concepts are based on a knowledge of prob* 
ability, the latter should be studied first. 
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I. BASIC CONCFPTS 
Proiability 

*) Stmp!es{»cc 

b) Events 

€ ) Combiouorul probienu 

dji Cooditioiui probability (events) 

e) Binomial distribution 

f) Randooi variable 

g) Mean and variance of a random v:-riable 
Primary References 

Commission on Mathematics. Introductory Probability. Chs. 4. 5. 6, 8 
This is an experinjentaJ text for use in high school courses in probability 
and statistics. It covers topics (a) througfs (e). and (g). There is an ap- 
pcndix on elementary set theory. A Teachers' Notes and Answer Guide 
is available. 

Goldberg, Probability, Entire book 

The content of this book is essentially the above topics iitared for the 
discrete case, fhe prerequisite set theory is developed in the book. 

MOSTELI ER et al.. Probability with SutisticaS Applications. 

This book treats all of the above topics. The treatment is elementary but 
careful. The discussion of the bincMnial distribution is especially com- 
plete including a detailed discussion of the normal distribution as an 
approximation to the binomial. No calculus is assumed, ( Note that it is 
also a primary reference for statistics. ) 

Secondary References 

Kemeny et al.,Introduction to Fini« Mathematics, Chs. 2, 3, 4 

This book covers topics (a) through (e) for the discrete case. It has the 
prerequisite material on set theory and also makes use of some elemen- 
tary ideas from logic developed in Chapter I. 

Kemeny et al.. Finite Mathematical Structures. Chs. 2. 3. 7 

This book covers all the above topics for bcKh the discrete and con- 
tinuous case. The discrete case may be studied separately. (Chs. 2, 3 ) 
As in the case of FINITE MATHEMATICS, it makes use of some ele- 
mentary logic. The topics treated here include those in FINITE MATH- 
EMATICS, but from a somewhat more advanced viewpoint. 

Brunk, Mathematical Statistics, Chs. 1-5 

This book covers all of the above topics. It develops these topics for both 
the discrete and continuous experiments, but in such a manner that the 
continuous cases can be omitted if desired { Note that this bo<^ is also 
a secondary reference for the basic statistics. ; 

BiZLBY. Probability, Entire book 

This book covers topics ( a ) through { e ) . It has both the discrete case and 
the continuous case, but the discrete case is treated first (Chs. 1-6). and 
may be considered separately. The topics of combinatorial problems and 
theorems on events are pursued funher than is usual in an elemwitary 
book. There are a large number of non-routine prdslcms. 
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Neyman, Probdbiiicy mwl Sudnks. Cfa, 2; Ck 4, Sec, 1, 2 

This book cremts wemUUy ail ol the above copks. The (fetcsnenc U re* 
iCfioed CO ciie diicrece case. The goiisg is somewhat slow because the 
author has given mem than the usual amount of attcotioa to the tiature 
ol a probability model, nnd because of tl» iotraduaioo of some quite 
complkaced but vety imerescing example (Note that this bodt is .a 
primary referetsce fof statistks.) 

&ipplemesuary Reference 

FfiLLER, Probability Theory aiui Its AppUcatkina, Chs. 1*9 

This book restricts itself to the discrete case. It is simultaoeousty a text 
book and a basic referetice. A wealth of applications, both elementary aini 
advanced, are givesi. This book is generally ackfK>wledged to be the most 
uimulating book yet written on the subject of probability theory. The 
work is often hard, but the rewards are cc^respondingly high. 

PA&ZEN, Mofkm Probability Theory, Chs. 1-8 

This book treats all of the above topics in a very thorou^ manwr, cov- 
ering both the discrete and continuous case. A variety of applications of 
probability are given during the devetopn^t of the theory. 

Caamee, The Eletnmts of Probability Theory, Chs. 1-6 

Mc»D, Theory of S^tteia, Chs, l'*^ 

These two books treat the above topics for both discrete and a»itinuous 
cases. They require a good knowledge of calculus topics. (Nine that they 
serve also as supplementary refereiKes for the basic statistics topics. ) 

Sutistics 

a) Descriptive statistics 

b) Eletnents of sampling 

c) Hypothesis testing 

d) Estimation ( intrtxiuaion ) 

Primary ReferetKes 

Commission ok Mathematics, Inctoductory Probability, Chs. 1. 2, 3, 7 
Topics (a), (b),and (c) are discussed mainly in terms exampUrs. The 
relaticxi of probability theory to these topics is stressed. 

MgCaithy. Inmiductk)o to Stttistlcal Rcast^ing^ Chs. 1-8 

By restriaiog the discussioo to discrete experiments, the author is able 
to give a quite thoiough discussion of the above topics. The ctmcepts of 
statistks are illustrated primarily in terms of the binomial model 

Neyman, Probftbilicy and Statisdcs, Chs. 1, 5 

This book ccm^ins a very fine discussion of hypothesis testing in terms 
of discrete mocfels* Tl^ author is one of the fmsmkrs of this subjea. 

Wallis and RoBfiXTS, Stutistki, Parts 1, 11, III 

This is a particularly good reference for topics (a) and (b). There is a 
wealth of examples of the analysis of dm frcxn a great variety of fiekis* 
Theie is a lively discussitm of some of tl^ misuses of smistics. There 
are also a large number of interesting exercises. The treatment of tqpia 
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(c) md <d) u jomewhat luperficiij because the authon do tsot assume a 
knowledge of prababttity tt^ory. 

. MosTBLLfi* et al^ Probability with Statistical Applicatiofu 

This book treats all of the above topics with the devckjpment based on 
probability theory. (Note that it U aUo a primary reference for prob- 
ability theory.) 

Secondary References 

BlUNK. Macbematical Statistics, Chs.6-10 

This book considers all 6f the above topics. Some probability topics be- 
yond those of Part I are introduced to give a more thorou^ treatment. 
The book does a very ^xd jt* of integrating the probability theory and 
the statistics. Calculus is used, but moderately. 

Supplenwncary References 

Cramer. The Elements of Probability Theory, Chs. 1 M4 
Moon, Theory of Sucistio, Chs. 7-12 

These are two standard books which cover ail of the above topics for 
both the discrete and continuous case. A working knowledge of calculus 
is therefore required. The treatment in both cases is very complete. 
NOTE: In addition to tlw above books there have been interesting anicles on 
topMS m mathematics and statistics in the yearbooks of the National Council of 
Teachers of Mathematics. The TWENTY THIRD YEARBOOK, Ch. 11 is a 
fine survey article on basic probability theory written by H. Rollins. The article 
makes use of calculus concepts. A more elementary approach is eiven in the 
TWENTY FOURTH YEARBOOK. Chs. 6. and 7. Chapter 6 is an anicle on 
probability by David A. Page. Chapter 7. by Richard S. Pieters and John Kin- 
^sella, IS on statistia and draws on the ideas of probability introduced in 
Chapter 6. 

a MORE ADVANCED TOPICS 
Probability 

a) Basic distributions and their applications (Poisson, normal, exponential, 
etc.) 

Cramer. The Elements of Protnbility Theory, Chs. 5-8 
. Pahzen. Modern Probability Theory, Ch. 6 

Both of these books have quite cwnplcte discussioiM of distributions. 
Cakuius is used. Panel's hook has a variety of applications. 
Neyman. Probability and Statistics, Ch. 4 
Feller. Probability Theory atid Its Applications, Chs. 6, 7 

These authors restrict thcroselvw to distributions which arise from dis- 
crete experiments and to a discussicMi of continuous distributions as they 
arise as limiting cases of discrete experiments. Bcxh have numerous in- 
teresting applicatiotis. 

b) Limit theorems (Poisswi approximation to binomial, central limit the- 
orem, law of large numbers). 
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CtAMU, The Elements of ProtMbility Theory, 

BftUNic, Maibemstkid Smditics, Chs. 7, 9 

Th»c books give caxefu! statemencs of chc basic limit ibeorems for both 
discrete atid cmtinuous expericMius. Proofs are gtveo osily fc^ certain 
discrete cases. 

KsMSSY ct aL, Finite MadmxuitiGal Structure Ch. 5 

Neyuan, Probsbiliiy tod Stmctstki, Ch. 4 

Both books coouin a discussioo of the Umic theweim for the discrete 

case only. Neyman has a quite compfete discussion of the central limit 

theorem using only elementary mathematics. 
Feller. Probability Theory aiui Its Applkations, Chs. 7-10 

The discussion is re»ricted to discrete e1^periments but is very tlu^rough. 

A good familiarity with limii techniques is necessary to follow this 

treatment. 

c ) Stochastic processes ( Markov chains, random walks, and Poisson 

KfiMBNY et aU Finite Mathematiad Structures* Ch. 6 

This book treats finite Markov chains and random walks. Tt^ only ad* 
vanced mathematics used is eleo^tary matrix theory. 

K£M£NY AND Snell, Finite Maurkov Qiftins, Entire book 

This is a quite complete treatment of finite Markov chains based on 
matrix methods* A number of applications are discussed 

Feller, Probability Tl^ry and Its Appltcations, Chs. 14-17 

Tnia bods goes quite far into these topics and gives a number of sig- 
nificant applications. The n^hod used requires a ^xxl knowledge of 
topics in elementary analysis. 

Sutistics 

a ) Theory of estimation { Propenics of estimators and types of estimators) 
Crambk, The Elements erf Probability TTicory, Ch. 14 

Mcx)D, Theory of Statistics, Ch. S 

BiUNK, Mathematkml Soitistics, Qi. 8 

All of these books have quite OMnplete discussions of these sopics. The 
treatments rely on a good know^^ of calculus, imrluding ideas in 
cakulus of more than one variabk. 

b) Decision theory (strategies, decisi(»s criteria) 

Chernoff and MoSfiS, Elementary Decisioa Tbaory, Chs. 4^ 

A very complete discussion of decision theory. The rcsuiaioo primarily 
to discrete experiments enabks tl^ authors to' give a careful treatmem 
of the basic ideas of the sub)ea, using cmly etetmntary mathematics. 

Luce and Raiffa, Gan^ and Decisions, Chs. 4, 13 

An introduaicm to ti^ basic Ukas of decision theory with particular 
emphasis on the arguments which have been presented pro and con for 
the use of decision theory. 
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BlUNK, Matbeoudcsl SMtiKks. Ch. U 

A good introduction to the bwk ideas of decision theofy. The treitment 
is brief and uses calculus. 

DfitMAN AND Klein. ProtMbUity mod Satuttcai InfcKace. Ch. 3 

A quite ekincwary account of decision the«y, with special attention to 
applicuions in Engineering 

ScHLAiFEX, PnMmtyMdSatittia for Business DedsKMU. Chs. 1-4 
A very coaplece treatment with special emphasis oo business problems. 
The book uses only elementary mathematics. 

m. APPUCATIONS 
Prt^Mbiiity 

Ctnttics. Applications to genetia involving only elcawntary probabUity 
theory can be found in Goldberg (11) and Neyman (20). Applications which 
make use of Markov chain theory can be found in Kemeny ( 13) and ( 14) and 
Feller (8). 

Pbysks: Applications of random walk theory to simple gas in^pb may be 
found in K«neny (12). (!3) and Feller (8). A discussion of the role of 
special distnbuHom m statistical mechaoia may be found in Fry (10). 

Emgmttfing: Applications of the Poissoo process to problems in telephone 
exchanges and other engineering probkms can be found in Fry (7) A discus- 
sion of the reUtion between rantkim walk theory and electric circuits may be 
found in Kemeny ( 12). For applications of probability theory in communica- 
tion theory see ShannM ( 2 3 ) . 

Piyebology: Ceruin of the modern theories of teaming are based prob- 
ability models. For an introducticw to one such theory see Kemeny (14) A 
tnore complete discussion may be found in Bu^ and Mostelter (2) and Luce 
(15). The latter book contains other applications of probability theorv to 
psychotogy. ' ' 

Soeichgy: For an application of Markov chain theory to social mobiiitv see 
Kemeny (13). 

Statistics 

Applications of statistics consist chiefly of deveteping special tests for cer- 
tain probability models. The tests are usually described in the discussion of the 
tollowmg tt^ici: 

a) Tests for mean and variance (t-test, F-ccst) 

b) Fitting a strai^t line to dau (correlation) 

c ) Contingency tabks 

d) Quality C{»ttol 

c) N(»i-parametric tests 

For an elementary discussion of the way in which these tests are appUed see 
either Wilks (25). Wallis and Roberts (24). Fieund (9) or Dixon wd Mas- 
»ey (7). There is a very good eicmcntary treatment of (b) in Mosteller ( 19) 
Applications in the social sciences make particular use of ntm-parametric tests! 
One Rich test, the sign test, is discussed in Mosteller (19). These topics are dis- 
cussed on a more thccwtical level in Mood (18), Cramer {5).andBrunk (3) 
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